A MINIMAX SELECTOR FOR A CLASS OF 
HAMILTONIANS ON COTANGENT BUNDLES 



RENATO ITURRIAGA AND HECTOR SANCHEZ-MORGADO 

Abstract. We construct a minimax selector for eventually qua- 
dratic hamiltonians on cotangent bundles. We use it to give a 
relation between Hofer's energy and Mather's action minimizing 
function. We also study the local flatness of the set of twist maps. 



1. Introduction 

One purpose of this paper is to have some understanding of the 
relation between two approaches to the study of hamiltonian systems, 
namely the dynamical point of view of Mather and the geometric 
point of view of Hofer and Zehnder 

The main result concerning this purpose is an extension to arbitrary 
cotangent bundles of a result given by Siburg W^ for the cotangent 
bundle of an n - torus. See Theorem ^ below. 

To do so we follow the suggestion of Bialy and Polterovich |Q and 
construct a minimax selector for a certain class of Hamiltonians. They 
conjectured that a selector could be constructed for symplectic mani- 
folds admitting a nice Floer homology. This program has been carried 
out by Schwarz for symplectic compact manifolds using Floer ho- 
mology. 

Since our interest is mainly on convex superlinear Hamiltonians de- 
fined on cotangent bundles, we found very appealing to use the methods 
developed by Gole 0] to find periodic orbits for Hamiltonians that are 
not necessarily convex but quadratic outside of a neighbourhood of the 
zero section. 

More precisely, let (M, (,)) be a compact connected orientable rie- 
mannian manifold, such that there are no nontrivial contractible closed 
geodesies. Let tt : T*M — >■ M be its cotangent bundle endowed with 
its natural symplectic structure Q = —dX, and let 

Ur = {{q,p) ■■ \p\ < r}. 
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Let Ho be the set of smooth functions on T*M x with support 
contained in f/i x . Let be the set of smooth functions on T*M x §^ 
such that H = f - 1) for \p\ > 1. For H eHqU Hr, let (pt{x) = 
'{>f{x) be the solution to the Hamiltonian system x = XH{x,t) with 
ipo{x) = X and define (pl{x) = ipt o (pj^{x). 

Letting 

Vo = {v^ -.He Ho}, Vn = {^f:He Hr}, 

for any ip G Vr we have Vr = {ip o (f) : (f) e Vq}. 
For H eHoU Hr, let 

E+{H) = - / mm H{x,t)dt, E-{H) ^ - [ max H{x,t)dt, 
Jo ^et^i Jo ^^^^ 



and 



\Ht\\ = max H{x,t) — min H{x,t). 



If G Ho U Hr, then H = on dUi and so E+{H) > > E-{H). 
For H e Hr, define the contractible action spectrum 

ac{H) ^ ^~ : Lis a contractible 1-periodic orbit of (/7f^| 

Theorem 1. For any nonzero v e H*{M,'R) and H e Hr there is 

Cjj{H) G R such that 

1. c,{H) G a,{H) 

2. For K G Hr, E-{K - H) < c^{K) - c^{H) < E+{K - H). 
In particular, for H G Hr define the selectors 

where ji is the orientation form. These selectors have the following key 
properties: 

Theorem 2. Let H,K eHr. Then 

1. //^f = iff then 7±(i/) = 7±(7^). 

2. If H < in the interior of Ui then ^_[H) > 0. 

3. E-{H) < j_{H) < j+{H) < E+{H). 

4. IfH<Oon Ui then 7_(i7) > 0. 

If ip is generated by H E Hr i.e. ip^ = ip, define 'y±{(p) = ^±{H). 
For (/? G Vr define its energy as 

E{ip) = inf I \\Ht\\ dt:He Hr, = . 
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For G Po let 

= m{{[ \\Kt\\dt: K eno,vf 
Jo 



If (p,'tp E Vji define d{ip,ip) = \\ip~^ip\\. 

As proved by Lalonde and Mc Duff in 0, = only when is 
the identity and then d is a metric in T>fj. 

For L : TM x §^ — M a convex superhnear Lagrangian with complete 
Euler-Lagrange fiow, let (3 = (3l : Hi{M, M) ^ M be the Mather's beta 
function. The following theorem gives a connection between the points 
of view of Mather and Hofer-Zehnder. 

Theorem 3. If(f is generated by a convex Hamiltonian H G T-Cr, then 

Pl{0) < E{^) 

where L is the Legendre transform of H . 

A twist map F is a diffeomorphism of a neighborhood U of the zero 
section in T*M onto itself satisfying the following: 

• If F{q,p) = {Q, P), then the map = {q, Q) is an embedding 
of ?7 in M X M 

• F is exact symplectic, that is, F*X — A = d{S o $) for some real 
function S on ^(U). 

The function S is called a generating function for F. 

Fix r > smaller than the injectivity radius of the given metric. Let 
T be the set of twist maps (f\Ui with (p E V^. Any map in T has a 
generating function satisfying 

d^S . . , ^ . 

• IS negative definite. 
oqoQ 

• 5(g,Q) = ^%^for d{q,Q)>r. 

zr 

The following proposition gives the local fiatness of Hofer's metric 
for twist maps and is a generalization of Theorem 1 in Siburg's paper 

Pi. 



Proposition 1. For any (p E T there is a neighborhood O of (p 
such that if (fQ,ipi G O and So,Si are their generating functions as 
above, then 

d{(po,(pi) = \\So - Si\\ . 

In the appendix we consider a general convex superlinear Hamilton- 
ian H : T*M X §1 ^ M and its Legendre transform L : TM x ^ M. 
Let a : H^{M, M) ^ R be the convex dual of p. 
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Recall that the image of a one-form in M is a lagrangian subman- 
ifold of T*M if and only if the form is closed. Following Bialy and 
Polterovich ilH we define 



c{H) = inf < / max H{q, 9 {q),t)dt : 9 is a closed 1-form 
I Jo ^e*^ 

More generally we can define for any cohomology class [uj] G H^{M, M.) 
c{H, [u]) = inf 1^ max H{q,9{q),t)dt : 9 e [lj]^. 

When H is autonomous this reduces to 

c{H, [uj]) = inf max H{q, 9 (q)) 

and it was proved in that c{H, [u]) = a{[uj]). In the non-autonomous 
case we recover the following inequality 

Proposition 2. 

(1) a{[uj])<c{H,[uj]). 

Taking infimum on both sides of inequality (|l]), we obtain 
Corollary 1. 

-PiO) < c{H). 

For the last application we go back to our special family H. 

Corollary 2. Let H be convex and suppose there is a lagrangian 
section in Ui consisting of fixed points of ip^ . Then 

E{^^) = m = -c{H). 

The plan of the article is as follows, in section |^ we introduce the 
generating families whose critical values belong to the contractible ac- 
tion spectrum. In section |] we prove theorems |l] and |^. In section | 
we recall the definition of Mather's beta function and prove theorem |^. 
In section | we apply the results of Lalonde and Mc Duff describing 
the geodesies of Hofer's metric for certain classes of symplectic mani- 
folds that include cotangent bundles of compact manifolds and prove 
proposition |l|. 

We thank K.F. Siburg for his useful comments on a first draft of this 
paper. 
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2. Generating families 

Let Qt be the geodesic flow on T*M, d be the distance in M defined 
by the metric and fix r > smaller than the injectivity radius. The 
map gr\Ui is twist since Gr{q,p) = {q, exp^^rp)) is an embedding of Ui 
in M X M and S{q,Q) = d{q,Q)^/2r is a generating function. Write 

For H G TCr, let (pt{x) = ipf{x). Since the distance from to 
the identity is 0{s — t) on f/i, there is N such that 

is an embedding oi Ui in M x M for \t — s\ < 1/N. For < j < N, let 

= V'sf S = g-r O V^, F2J+1 = gr, = ^^f % $2^+1 = 

Let TKt) = {pl,{x),t G [sj, Sj+i], and define the action Aj : Ui M. hj 

(2) Aj{x) = I X-Hdt, 
then dAj = {(f^)*X — A. Thus, defining 

we have 

d S2j o $2^- = dAj - F^j dSo Gr 

(3) = (y^^r A - A - i^rg-rig:^ - a) 

= F;^\ - A. 

Therefore is a twist map with generating function S2j- Let 
5*2^+1 = S and 

Mn = {(go,gi, • • • ,q2N) ■ iqj,qj+i) e ^jiUi),q2N = go}- 

The function Wn : A4n ^ ^ given by 

2N-1 

W^jv : q = (go, gi, • • • , g2iv) ^ 5Z '^j'^^J' ^J+i^- 

i=o 

is called a generating family. Letting {qj,Pj) = ^J'^{qj, qj+i), P2N = Po, 
(gj+i>^i+i) = FjiQj^Pj)^ P2N = i'o, we have by (|) 

2N-1 

(4) rfiy^= ^(P,-p,)rfg,-. 

Therefore q is a critical point of Wn if and only if (gj_|_i,pj+i) = 
Fjilj^Pj) for < j < 2A^, so (g2j,P2i) = V^j/w = (go,Po), (go,Po) is a 
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fixed point of (fi, and r{t) — ft{Qo,Po) is a 1-periodic orbit in Ui. In 
such a case 

Af-l „ 

Proposition 3. Given £ > there is N{e) such that for N > N{e) 
we have 

dP2j+i dp2j+i 



(5) 

dgsj+i oq2j+i 

for any j such that F2j o $2,-^(g2j, q2j+i) = G~^{q2j+i, q2j+2), and 



(6) 



dP2, 


dp2j 


dq2j 


dq2j 



< £ 



for any j such that Qr o H?2j-i, g2j) = *2/(?2j, ?2j+i)- 
Proof 

A. From (g2j+i, P2j+i) = -^2^ o *2/(92j, g2j+i), -p2j = fif-r o one gets 



dP2j+i _ d{Pg o (p- 



'2j 



o 

dp 



dq2j+i dp ^ 

B. Prom {q2j+i,p2j+i) = G~^{q2j+i, q2j+2) one gets 



'2j+l 



dPn /9g, 1 

°9rOG^ I OQrOG^ 



dq2j+i dp 
C. Prom g2i+i = Qg o (f^{q2j,P2j) one gets 

(9p2i _ 



-1 



dq2j 



9{Q,o^') ^^-iV' d{Q,o^^) 

2J j dq 2j ■ 



5p 



D. From 52^-1 = Qgiq2j,P2j) one gets 



dR 



2j 



9g2j 



ogroG; 



OQrOG^ \ 



Suppose that o $2/(^2^, g2j+i) = G-^{q2j+i, q2j+2) so that 
ip^ o $2/(92^, g2i+i) = 5r o G;^{q2j+i, q2j+2), 

then 

o (f^){<^-\q2j, q2j+i)) = 

Dg_r{gr O G7^(?2j+1, ?2j+2))^¥'^(^j/(?2j, ?2j+l)) 
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Suppose gr o Qij) = ^2j'i(l2j, q2j+i), then 

D{g-r O ^^)(<l>2/(g2j,g2j+l)) = D{g_r O (p^){gr O {q2j-U q2j)) ■ 

Taking N sufficiently large, one makes any if^Ui as G-^- close to 
the identity as one wants. Thus, follows from items A, B, and 
follows from items C,D. 

□ 

As observed by Gole [Q one can define a path (Jk{q,Q) between 
q and Q G ^k{Ui fl T*M) that for k odd concides with the unique 
geodesic between these points. Therefore to each q G A^at we associate 
a polygonal loop c(q). We can work with the component of M.^ 
consisting of points q such that c(q) is homotopically trivial. Thus, 
<7c{H) is the set of critical values of Wjy : — R and so it is 

nowhere dense. 

Gole proved that the gradient flow of Wjy has the index pair {B^, B]^), 
Bn = {qe M% : d{qj,qj+i) < \aj\}, 

B~M = {q ^ '■ d{qj, qj+i) = \aj\ for some even j}, 

where 



Lemma 1. Floer [Q. 

Let be a one parameter family of flows on a manifold Ai. Suppose 
that S*^ is a compact submanifold invariant under Assume moreover 
that S*^ is normally hyperbolic i. e. there is a decomposition 



invariant under the covariant linearization of the vector field Vq gener- 
ating with respect to some metric {,), so that for some m > 0: 



Suppose that there is a retraction a : Ai ^ Ti^ and that there is an 
index pair {B, B^) for all . Then 

• There is u E H*{B, B^) of dimension dimi?"*" so that the map 




{^,DVoO<-m{^,0, 



T ■ H*{YP) H*{B, B'), T{v) = {alBYv U u 



is an isomorphism. 
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• // E"^ denotes the maximal invariant set for the flow , the ho- 
momorphism in Cech cohomology : —>■ is 

injective. 

3. Critical values of the action 

Let H G Hr, and define Ho = f Let = Ho + t{H-Ho) 

and (fl be the corresponding fiow. Let N be sufficiently large to have a 
decomposition of all ifl in 2N twist maps. Let W]^ be the corresponding 
generating family and its gradient ffow. 

Lemma 2. Gole @]. Let T.^ = {q e Mn ■ Qk = Qo, VA;}. Then S° zs a 
normally hyperbolic invariant set for and it is a retract of A4j^ 

By Lemma |l], : H*{M) — > H*^^{Bn, B]^) is an isomorphism. 

Let 5^ = {q e -Bat : H/Ar(q) < a}, ja : -Bat ^ -Btv and consider the 
induced map jI : H*{Bn, B^) ^ 5^). 

For N of the form = 2"^, we follow Viterbo and define for any 
nonzero v G i/*(M) = H*{J:^) 

Cy{H,m) = mi{a : j*TN{v) ^ 0}. 
so that Cv{H,m) is a critical point of W^. 

Proposition 4. There is m swc/i t/ia^ for any nonzero v G H*{M) 
and m > m, {H, m) = {H, m) . 

Proof. Represent the points of Ai2N in the form 

q = ('70, Co, Cl, Vl,-- - , V2N-2, ^2N-2, 6jV-2, V2N-1, V2N = Vo) 

SO that 



N-l 

S4j{V2j,(.2j) + 'S'(C2j, C2i+l) + 5'4j_|_2(Gj+l, r72j+l) + S{r]2j+l-, V2j+2)- 

j=0 

Let /i,- = o o (/^'JJ'/'"^ o (^J+^Z"^)-^ and define /i : TW^v 

by h{r]) = {ho{r]o,r]i), . . . , /iAr-i(?727V-2, '727V-i))- Then W2N{r],K'n)) = 

WN{r]) and 
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Define f : M2N 

df 



^ by /(r/,0 = W2N{r],0 - W^Jv(r/), then 

dW2N 



dW2N 

drj 



Pij+l+i ~ PAj+l+ii i — 0, 1 



2N 



dr] 



{r],h{T])) 



dWr 



2N 



Dh. 



Thus 1 graph = and 



Since 



d{C,2j,(,2j+l 



is negative definite on Gr{Ui), we have that 



d{Pij+2 - Pij+2) 



dqdQ 



I graph h is invertible if 



9(P4j+i+j — P4j+i+j) 



graph /i, i 



+1 



0, 1 are sufficiently small. 

We know from Proposition |^ that this holds if = 2"^ is sufficiently 
large. In such graph /i is a nondegenerate critical manifold of 

/. By the generalized Morse's lemma there is a tubular neighborhood 
ip : E J^2N, with E = E^ © E~ a vector bundle over J^n, such 
that /(^(r/,C)) = |C-p-|C+P and so 

(9) W2n{^{v. 0) = W^^(^) + IC-P - IC+P- 

Consider the commutative diagram 



T, 



2N 



H*{M) 



r 

H*+^+\ij-\B2N.B,^)) 

Thorn 



3 a 



H*+''{Bn,B 



N) 



r 



H*+^+\i,-\B-^,B:,^)) 



H*+\B%,B-^) 



where the upwards isomorphisms are as in [12 



The maximal invariant set for the gradient flow of W2N in B^j^ — 
5^ consists of critical points and heteroclinic orbits. The critical 
points belong to graph /i by and so do the heteroclinic orbits by 
@. Thus (-Bfiv, -B^at) and (i?2Ar,-B2Ar) H ■?/'(£') are index pairs for 
and then 

r : H*{Bt^,B-^) = H*ir\B^,^,B-^)). 
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Therefore j*T2N{v) = if and only if j*Tj^{v) = and so 
Cv{H, m) = Cv{H, m + 1). 

□ 

We consider in particular 

^4H)=c,iH),^4H) = C[,]iH). 

Lemma 3. Viterbo [|1^. Let Sr be a smooth family of smooth func- 
tions. Let c(r) = Sr{xr) be a critical value obtained by minimax as 

dS ix) 

above. Assume that dSr(x) = implies — ^ > (< 0). Then c(r) 

OT 

is increasing (decreasing). 

The following Lemma completes the proof of Theorem 

Lemma 4. For v G H*{M), H,K eHr 

E-{K -H)< c^{K) - c^{H) < E+{K - H). 

Proof For r G [0, 1], define = H + t{K - H), 
Let Sr = Wr- E-{K - H)t then c^{Hr) -E-{K- H)t is a critical 
value of Sr and 

C,{Hr) = Wr{Xr) = [ <(A - Hrdt) 

where iprit) = ipl{xr). Then 

-{Xr) = / (i^^A(— — ) + ?/'^«(— — )dA 



' ^ (t) , t) + dHr (t) , t ) ^ ) rft 



OT OT 

1 

{H - K){ipl{xr),t)dt > E-{K -H). 

By Lemma, ^ c^^Ht) — E^{K — H)t is increasing. Similarly c^^Ht-) — 
E^{K — H)t is decreasing. Then 

c^{K) - E+{K -H)< c^{H) < c^{K) - E-{K - H) 

□ 

Corollary 3. If H < K then Cy{H) > Cy{K) for any nonzero v G 
H*{M). 

Proof of Theorem 0. 

Lemma 5. If H,K G T-Cr are such that the corresponding time one 
maps ipi and ipi are equal then ac{H) = a^K). 
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Proof. Let Xq in the border of Ux. Let Xi in Fix((/7i) = Fix('0i). 
Then (/7t(xo) = ipt{xQ) for ah t. Let /3 be a curve on T*M such that 
/3(0) = xo and = xi. Define cii, cis : [0, 1]=^ ^ r*M x M by 

(Ji(s,t) = (<^t(/3(s)),t) 

Then 



= 
and 



d{X - Hdt) 



X-Hdt 



I 



X-Hdt- 



<Pt (xo) 



I x+fx 



/ d{X-Kdt)= X-Kdt- X-Kdt- X+ X 

'<T2 JMxi) JMxo) Ji'liP) JP 



So 



I X-Hdt^ I X-Kdt, 

J ifitix\) Jibtixi) 



'ipt{xi) Jipt{xi) 

It remains to prove that (pt{xi) is contractible if and only if ipti^i) 
is. To see that, define the path 



ht{x) 



^t{x) if te[o,i] 
ij2-tix) if te[l,2]' 

Let 0,{Ui) be the free loop space of ?7i, and define the continuous 
function x '■ Ui ^ ^{Ui) by = {ht{x))t^[o^2]- Since M is connected 
all elements of ^^I's homotopic to xi^o) which is homotopically 

trivial. Thus (pt{xi) is contractible if and only if ipt{xi) is and then 

□ 

Let H G C°°{T*M x x [0,1]) be such that Hs{p,t) = H{p,t,s) 
belongs to Hr for any s G [0, 1]. Assume now that cp^" = i/j for all 
s G [0,1], then j±{Hs) G (Jc{Hs) — (Jc{'4>)- Since (Tc(V') is nowhere 
dense, the continuous function s i— > j±{Hs) must be constant and so 

For G Hr, L G Ho let K4fL{p,t) = K{p,t) + L{{ipf)-\p),t), then 
H = K#L G Hr and (/?f = fff^. Taking //q = f - 1), we can 
write any H G T^r as H — Hq^L, where L{p,t) — {H — Ho){gt{p),t) 
belongs to TCq. 

Item 1. We follow the argument of Hofer and Zehnder. 

Let H,K eHR such that </?f = . Write H = Ho#L, K = H^H^F 
with L, F G 7^0 and let = (/^f = (/^f G Pq- By reparametrizing the 
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time, one first homotope ip^ to an arc tpt in "^o that is the identity for 
t e [0, 1/4] and is equal to ip for t E [3/4, 1], and do tlie same for ipf. 
Hence we can assume that L{p,t) = F{p,t) = for |t|modi < 1/4- For 
< s < 1 one defines 

L,{p,t) = sL{p/s,t), F,{p,t) = sF{p/s,t). 

Then 

Vt'ip) = s<^f{p/s), <^f'{p) = s<pf (p/s). 

For t G [3/4, 1] one has 

vtip) = s^iip/s) = s<pf{p/s) = <^f (p). 

Take /3 : [3/4, 1] — > [0, 1] a smooth which is near to 3/4 and is 1 near 
to 1. Define 

'ftip) [0,3/4] 
(s + (1 - s)Pimi{s + (1 - s)P{t))-^p) t e [3/4, 1] 

and similarly tpg^t by replacing for Fg. Then 

<^s,l = -ips,! = ^ < S < 1. 

If Ls,Fs generate (ps,t,ips,t respectively we have 7±(if) = 7±(-ffo#-^^s), 
7±(^) = 7±(^o#^«). Note that 

Ls{p,t) = F,{p,t) tG [3/4,1] 

Ls{p,t) = Ls{p,t) tG [0,3/4] 

Fs{p,t) = Fs{p,t) tG [0,3/4]. 

Thus 

|7±(^^) - 7± Wl = l7±(^o#^s) - 7±(^o#^s)| 
< E+{L,-F,)-E-{L,-F,) < s{E+{L)-E-{L) + E+{F)-E-{F)) 

for all < s < 1 and then 7±(-f/') = 'y±{K). 

For any £ > let /C^ be the set of functions f{\p\) in Hr such that 
/ is convex and /(s) = — e for s < 1 — 2e/R. 

We claim that 7-1- (i^) = e for any K & JC^ ■ In fact, the only 
contractible periodic orbits are the constants and these have action e. 

Item 2. Since H is negative for \p\ < 1 and equals — 1) for 

IpI > 1, we can find e > small enough and K & IC^ such that K > H 
and then by Corollary ^ we have 7_(if ) > '~f-{K) > 0. 

Item 3. By Lemma ^, for G /C^ we have 

E-{H - IQ < -f±{H) - 7±(ir,) < E^{E - K,). 
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Now let e 0. 

Item 4. Since H <0, E'^H) = 0. By item 3, -f±{H) > 0. □ 
The following Corollary is an immediate consequence of item 3 of 
Theorem 0. 

Corollary 4. If (p e Vr 

7-(<^) < 7+(^) < E{!p), 7+((^) - 7_((^) < E{(p). 

4. Proof of Theorem |] 

Let us recall the main concepts introduced by Mather in Let 
L : TM X — > M be a convex superlinear Lagrangian with complete 
Euler-Lagrange flow. Let M. {L) be the set of probabilities on the Borel 
(T-algebra of TM that have compact support and are invariant under 
the Euler-Lagrange flow (pt- Let Hi{M,M.) be the first real homology 
group of M. Given a closed one- form a; on M and p G ifi(M, M), let 
< u, p > denote the integral of u on any closed curve in the homology 
class p. li p E Ai{L), its rotation vector is defined as the unique 
p{p) G Hi{M,R) such that 

< uj,p(p) >= J UJ dp, 

for all closed one-forms on M. The integral on the right-hand side 
is with respect to p with u considered as a function u : TM R. 
The function p : A4{L) iJi(M, M) is surjective The action of 
p G A4{L) is defined by 



^Lip) = J Ldp. 
Finally we define the function p : Hi{M, M) ^ M by 

m = M{AM-- p(/i)=7}- 

The function (3 is convex and superlinear and the infimum can be shown 
to be a minimum and the measures at which the minimum is at- 
tained are called minimizing measures. In other words, p G A4{L) is a 
minimizing measure iff 

Pipip)) = AM. 

Each contractible 1-periodic orbit is the support of an invariant prob- 
ability measure with zero homology and the same action. So 

/3(0)<7-(^)- 

By Corollary ^, ■y-{ip) < E{ip), and this concludes the proof of The- 
orem ^. □ 
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5. A Hofer's distance and twist maps 
For G let 

pi 



inf{ [ \\Lt\\dt: Le Hq.^^ 
Jo 



If ip,ip & Vji define d{ip,ip) = E{ip~^ip). 

li H,K G Hr generate (p,ip respectively, then L{x,t) = {H — 
K){ilJt(yX),t) belongs to Hq and generates Reciprocally, sup- 

pose that K G T-Lr generates ip. li L E TCq generates V^'V then 
H{x,t) = K{x,t) + L{il>'[^{x),t) belongs to I-Lr and generates (p. 

Thus, for any ipyfE Vr and K G Hr generating ip we have 

{UH - JU :H,JEnR,^ = ^f,ij = ^i} 

c {\\Lt\\ ■.Leno,^-'^ = ip^} 

C {\\{H - K)t\\dt : H enR,y^ = . 

Therefore 

d{^,ij) = infj^ \\{H-J)t\\dt:H,JenR:v = ^f,iJ = v('^ 

= infj^ \\{H - K)t\\dt : H eHr: ^ = 

Corollary 5. Let G I^o (^iT'd define 

E+{<f)) = inf{E+(L) ■.Leno,ip^ = 0} 

E-{<f)) = sup{E~(L) ■.Leno,^^ = <j)}. 

Let i/j G Dr, then 

i^~(0)<7±(^°0)-7±W<i?+(0). 

Proof Let L G Tio, K G TIr, with ip^ = (f) and p^ = ip. As above 
H{x,t) = K{x,t) + L(^^^{x),t) belongs to Hr and generates if) o (p. 
By item 2 in Theorem |^ 

E-(L) <7±(/7)-7±(i^^) <E+(L), 

from which Corollary ^ follows. □ 

Definition 1. A function H G Tio is called quasi-autonomous if there 
are x_, x+ G f/i such that 

H{x^,t) = miniff, H{x^,t) = maxHt 

for all t G §^ 
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Recall that Gr{q,p) = (g, expg(rp)). Let Q be the set of functions 
S : GriUi+s) K such that 

d^S . . . n . 

• o IS negative dennite. 
oqoQ 

• Q) = for d{q,Q)>r. 

Proposition 5. Let St,t G [a,b] be a path in Q. Then the correspond- 
ing path ipt in T is generated by a Hamiltonian H E Hq satisfying the 
Hamilton- J acobi equation 

(10) ^(g,Q) + m^(?,Q),t) = 0. 

dSt 

Moreover, H is quasi- autonomous if and only if —— is. 

ot 



The proof of equation [1^ is standard and the proof of the last state- 
ment is the same as the given by Bialy and Polterovich 

Consider the length function C on the fundamental group of 

C{\ipt]) = inf length (V't). 

We claim that the image of C is {0}. In fact, given any loop (ft = 
{Qt, Pt) in Vq with generating Hamiltonian H G Tio, we can define the 
loop ^ : §^ -> "Do by V't(g,p) = {Qt{q,p/e),ePt{q,p/e)) with generating 
Hamiltonian F{q,p, s) = eH{q,p/e, s). Therefore 

length (^) = [ \\Ft\\dt = e[ \\Ht\\dt. 
Jo Jo 

Thus, for any class [ip] G Hi(Vq) we have /^([v^]) = 0. 

Proposition 6. There is a neighborhood U of zero in T-Cq such that 



kfll = / \\Ht\\dt 
Jo 



for any quasi- autonomous H eU . 

Proof. By Remark 3.3 and item (ii) of Theorem 1.3 in II, there is 
a neighborhood U of zero in Tig such that for any quasi-autonomous 
H eU the path v^^p ^ is length-minimizing amongst all paths homo- 
topic (with fixed end points) to V^^[oi]- 

Suppose that is other path in Vq with the same end points and 
length(0) < length(y9-^). Choose a loop ip E [—(p * f^] such that 

length('?/') < length((y9^) — length(0). 

the path cf)* is homotopic to (p^ and shorter: a contradiction. 
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□ 

Proof of Proposition |7|. For ipo,ipi G T, let 5*0, 5*1 E Q he their 
generating functions. For t e [0, 1], St = {1 — t)So + tSi defines a map 
ipt G T. Consider the path (ft^Po'^ in Vq and its generating Hamiltonian 

dSt 

H. As in , one easily shows that — — = Si — Sq is quasi-autonomous. 
By Proposition ^, H is quasi-autonomous and 

\\Ht\\ = ll'S'o — ^ill . 

By Proposition ^, there is a neighborhood O of ip such that if 
ipo, (fi G O, the length of the path ft'Po^ equals d{ipo, ipi). 



6. Appendix 

Let 6* be a closed 1-form in M such that 6 E [to]. Let F : [0, n] -> T*M 
be a holonomic curve meaning that for 7 = tt o F one has 'y{t) = 
dH/dp{T{t),t). For each {q,p,t) G T*M x there is ^ G T*M such 
that 

OH 1 0^ H 

H{q,e{q),t) = H{q,p,t) + {e{q) - p) — {q,p,t) + -p-^{q,^,t)p, 

so 



dH 1 9^ 

I — (g, p, t) - p, t) = -H{q, e{q),t) + ^P-g^i 



Let L : TM x ^ M be the Legendre transform of H. Since H is 
convex, for each n G Z+ we have 



(L(7, 7, t) - ^(7)7)^^ = J X-TT*e- Hdt 

>-/ H{-f{t),e{-f{t)),t)dt> - max H{q,9{q),t)dt 
Jo Jo ^eAf 

= —n / max H{q,6{q),t)dt. 
Jo ^eAf 

As the left hand side does not depend on the representant of the 
class [u], we have 

-/ (Hi, i, t) -uj{^)'y)dt> snp - I max H{q, ,e{q),t)dt = -c{H,[uj]). 
n Jo eeM Jo ^eAf 



A MINIMAX SELECTOR 



17 



Since this holds for any holonomic curve, it follows from Proposition 
1 in § that 

-a{[uj]) = min | j {L - cu) dfx : fi E A^(iv)| > -c{H, [u]). 

So 

a{[uj])<c{H, [uj]). 

□ 

Proof of Corollary 11. Since H is convex, for each t we have that 



HAt = min H(x,t), = ma.xH(x,t) 



Therefore 



E{ip^)< [ \\Ht\\dt = - [ Ht\Ldt<-CH<m<E{<f^)- 
Jo Jo 



□ 
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